
SL Paper 2
The random variable  has cumulative distribution function

where  is an unknown parameter. You are given that the mean and variance of  are  and  respectively. To estimate the value of  , a

random sample of  independent observations,  is taken from the distribution of  .

 

(i)     Find an expression for  in terms of  such that  is an unbiased estimator for  .

(ii)     Determine an expression for  in this case.

[4]a.

(i)     Show that  and deduce an expression for the probability density function of  .

(ii)     Find  .

(iii)     Show that  .

(iv)     Find an expression for  in terms of  such that  is an unbiased estimator for  .

(v)     Determine an expression for  in this case.

[16]b.

Show that  and hence state, with a reason, which of  or  is the more efficient estimator for  . [2]c.

Gillian is throwing a ball at a target. The number of throws she makes before hitting the target follows a geometric distribution, . When

she uses a cricket ball the number of throws she makes follows a geometric distribution with . When she uses a tennis ball the number of

throws she makes follows a geometric distribution with . There is a box containing a large number of balls,  of which are cricket balls and

the remainder are tennis balls. The random variable  is the number of throws needed to hit the target when a single ball is chosen at random from

this box and used for all throws.

Find . [4]a.

Show that . [4]b.

Find . [7]c.



The discrete random variable  has the following probability distribution.

, where  and  is a constant.

Write down the first three terms of the infinite series for , the probability generating function for . [2]a.i.

Determine the radius of convergence of this infinite series. [4]a.ii.

By considering , show that [3]a.iii.

Hence show that . [1]a.iv.

Show that . [1]b.i.

By differentiating both sides of this equation, determine the values of  and . [6]b.ii.

Hence find  . [1]b.iii.

A machine fills containers with grass seed. Each container is supposed to weigh  kg. However the weights vary with a standard deviation of 

 kg. A random sample of  bags is taken to check that the mean weight is  kg.

Assuming the series for  , find the first five terms of the Maclaurin series for [3]A.a.

(i)      Use your answer to (a) to find an approximate expression for the cumulative distributive function of  .

(ii)     Hence find an approximate value for  , where  .

[6]A.b.

State and justify an appropriate test procedure giving the null and alternate hypotheses. [5]B.a.

What is the critical region for the sample mean if the probability of a Type I error is to be ? [7]B.b.

If the mean weight of the bags is actually .1 kg, what would be the probability of a Type II error? [2]B.c.

The weights,  grams, of tomatoes may be assumed to be normally distributed with mean  grams and standard deviation  grams. Barry

weighs  tomatoes selected at random and calculates the following statistics.

[8]a.



  (i)     Determine unbiased estimates of  and  .

  (ii)     Determine a  confidence interval for  .

The random variable  has variance  , where  . A random sample of  observations of  is taken and  denotes the unbiased

estimator for  .

By considering the expression

 ,

show that  is not an unbiased estimator for  .

[5]b.

The weights of apples, in grams, produced on a farm may be assumed to be normally distributed with mean  and variance  .

The farm manager selects a random sample of  apples and weighs them with the following results, given in grams.

  (i)     Determine unbiased estimates for  and  .

  (ii)     Determine a  confidence interval for  .

[5]a.

The farm manager claims that the mean weight of apples is  grams but the buyer from the local supermarket claims that the mean is less

than this. To test these claims, they select a random sample of  apples and weigh them. Their results are summarized as follows, where 

is the weight of an apple in grams.

  (i)     State suitable hypotheses for testing these claims.

  (ii)     Determine the -value for this test.

  (iii)     At the  significance level, state which claim you accept and justify your answer.

[5]b.

The discrete random variable X follows a geometric distribution Geo( ) where

Show that the probability generating function of X is given by [3]a.i.

Deduce that  . [4]a.ii.

Two friends A and B play a ball game with the following rules.

Each player starts with zero points. Player A serves first and then the players have alternate pairs of serves so that the service order is A, B, B,

A, A, … When player A serves, the probability of her scoring 1 point is  and the probability of B scoring 1 point is , where .

[5]b.



When player B serves, the probability of her scoring 1 point is  and the probability of A scoring 1 point is , where .

Show that, after the first 6 serves, the probability that each player has 3 points is

.

 

After 6 serves the score is 3 points each. Play continues and the game ends when one player has scored two more points than the other player.

Let N be the number of further serves required before the game ends. Given that  = 0.7 and  = 0.6 find P(N = 2).

[3]c.

Let  . Show that M has a geometric distribution and hence find the value of E(N). [7]d.

The independent random variables X and Y are given by X ~ N  and Y ~ N .

Two independent random variables X  and X  each have a normal distribution with a mean 3 and a variance 9. Four independent random variables Y ,

Y , Y , Y  each have a normal distribution with mean 2 and variance 25. Each of the variables Y , Y , Y , Y  is independent of each of the variables X ,

X . Find

1 2 1

2 3 4 1 2 3 4 1

2

Write down the distribution of aX + bY where a, b  . [2]a.

P(X  + Y  < 11).1 1 [3]b.i.

P(3X  + 4Y  > 15).1 1 [4]b.ii.

P(X  + X  + Y  + Y  + Y  + Y  < 30).1 2 1 2 3 4 [3]b.iii.

Given that   and   are the respective sample means, find  . [5]c.

An automatic machine is used to fill bottles of water. The amount delivered, \(Y\) ml , may be assumed to be normally distributed with mean  ml

and standard deviation  ml . Initially, the machine is adjusted so that the value of  is . In order to check that the value of  remains equal to 

, a random sample of 10 bottles is selected at regular intervals, and the mean amount of water,  , in these bottles is calculated. The following

hypotheses are set up.

 ; 

The critical region is defined to be  .

(i)     Find the significance level of this procedure.

(ii)     Some time later, the actual value of  is . Find the probability of a Type II error.



The function  is defined by  .

When a scientist measures the concentration  of a solution, the measurement obtained may be assumed to be a normally distributed random

variable with mean  and standard deviation .

Show that  . [4]A.a.

Determine the Maclaurin series for  as far as the term in  . [6]A.b.

Deduce the Maclaurin series for  as far as the term in  . [2]A.c.

By combining your two series, show that  . [4]A.d.

Hence, or otherwise, find  . [2]A.e.

He makes 5 independent measurements of the concentration of a particular solution and correctly calculates the following confidence

interval for  .

[  , ]

Determine the confidence level of this interval.

[5]B.a.

He is now given a different solution and is asked to determine a  confidence interval for its concentration. The confidence interval is

required to have a width less than . Find the minimum number of independent measurements required.

[5]B.b.

The random variable  has probability density function given by

A sample of size 50 is taken from the distribution of .

Use l’Hôpital’s rule to show that . [3]a.

(i)     Find .

(ii)     Show that .

[10]b.

State the central limit theorem. [2]c.

Find the probability that the sample mean is less than 2.3. [2]d.



In a large population of sheep, their weights are normally distributed with mean  kg and standard deviation  kg. A random sample of  sheep is

taken from the population.

The mean weight of the sample is  kg.

State the distribution of  , giving its mean and standard deviation. [2]a.

The sample values are summarized as  and  where  kg is the weight of a sheep.

(i)     Find unbiased estimates for  and .

(ii)     Find a  confidence interval for .

[6]b.

Test, at the  level of significance, the null hypothesis  against the alternative hypothesis that . [5]c.

The random variable  has the binomial distribution , where .

Show that
(a)      is an unbiased estimator for ;

(b)      is not an unbiased estimator for ;

(c)      is an unbiased estimator for .

The continuous random variable  takes values only in the interval [ , ] and  denotes its cumulative distribution function. Using

integration by parts, show that:

[4]a.

The continuous random variable  has probability density function  given by:

  (i)     Obtain an expression for the cumulative distribution function of  , valid for  . Use the result in (a) to determine 
 .

  (ii)     The random variable  is defined by  , where  . Obtain an expression for the cumulative distribution function of

 valid for  .

  (iii)     The medians of  and  are denoted respectively by  and  . Show that  .

[14]b.

A random variable  has probability density function  given by:



(i)     Find an expression for  , where  .

A chicken crosses a road. It is known that cars pass the chicken’s crossing route, with intervals between cars measured in seconds,
according to the random variable  , with  . The chicken, which takes  seconds to cross the road, starts to cross just as one car
passes.

(ii)     Find the probability that the chicken will reach the other side of the road before the next car arrives.

Later, the chicken crosses the road again just after a car has passed.

(iii)     Show that the probability that the chicken completes both crossings is greater than .

[6]a.

A rifleman shoots at a circular target. The distance in centimetres from the centre of the target at which the bullet hits, can be modelled by 

 with  . The rifleman scores  points if  ,  points if  ,  point if  and no points if  .

(i)     Find the expected score when one bullet is fired at the target.

A second rifleman, whose shooting can also be modelled by  , wishes to find his value of  .

(ii)     Given that his expected score is , find his value of  .

[10]b.

The discrete random variable  follows the distribution Geo( ).

Arthur tosses a biased coin each morning to decide whether to walk or cycle to school; he walks if the coin shows a head.

The probability of obtaining a head is .

(i)     Write down the mode of  .

(ii)     Find the exact value of  if  .

[3]a.

(i)     Find the smallest value of  for which the probability of Arthur walking to school on the next  days is less than .

(ii)     Find the probability that Arthur cycles to school for the third time on the last of eight successive days.

[6]b.


